DENSITY OF INTEGER POINTS ON AFFINE HOMOGENEOUS VARIETIES
where we denote by V(A), for any ring A, the set of A-points of V. Hence I1" is some
Euclidean norm on R". The only general method available for such problems is the Hardy-Littlewood circle method, which however has certain limitations, requiring roughly that the codimension of V in the ambient space A", as well as the degree of the equations (1.1), be small relative to n. Furthermore, there are restrictions on the size of the singular sets of the related varieties: V u {x e C": f(x) &, j 1,..., v}, u () e c".
We refer to [Bi] and [Sch] for a discussion of the restriction. Regardless of these restrictions, one hopes that for many more cases N(T, V) can be given in the form predicted by the Hardy-Littlewood method, that is, as a product oflocal densities: and/(T, V) is a real densitymthe "singular integral." Following Schmidt [Sch] , we say that V is a Hardy-Littlewood system if the above asymptotics (,) is valid.
In complete generality, the above problem (1.2) is hopeless, and so one seeks to solve it for a special but rich family of varieties. In this paper we consider varieties defined via actions of linear algebraic groups and, in particular, such varieties defined by invariant theory. In a recent paper [FMT] Franke-Manin-Tschinkel consider the problem of counting rational points of height < T on flag varieties V P\G where G is reductive (over Q) and P is a parabolic subgroup. In their case, the corresponding Eisenstein series is the key tool in determining the asymptotics. In the theory developed below, the full harmonic analysis of L2(G(Z)\G(R)) comes into play.
We now formulate the main result. Let G be a linear algebraic semisimple group defined over Q. Let p: G GL(W) be a rational representation of G defined over Q, w being a Q vector space. Let w o W be a vector whose orbit V wop(G) is Zariski closed. Then the stabilizer H c G of Wo is reductive and V is isomorphic to H\G. It is this family of varieties that we investigate in connection with the basic problem. The reason that the problem is at all approachable is that a fundamental theorem of Borel-Harish-Chandra [B-HC] asserts that V(R) breaks up into finitely many G(R)-orbits and, more surprisingly, V(Z) into finitely many G(Z)-orbits. Thus the points of V(Z) are parametrized by cosets of G(Z).
For our purpose of studying (1.2), it suffices to fixate on one G(Z) orbit (9, say To state the main theorem we will need to make a further restriction, one which is satisfied by many interesting examples. We say V(R) H(R)\G(R) is symmetric if H(R) is the fixed point set of some involution z of G(R). Note that z need not be a Cartan involution, and so we are not assuming that V(R) is a Riemannian With this normalization we get a unique G(R) invariant 
dl '"dn=k Note that N(T, V.,)just counts (1.14)
The latter, when n 2, is a quadratic equation and so falls into the previous example. In this case it also corresponds to a non-Euclidean lattice point problem, and the result and indeed our method, via non-Euclidean harmonic analysis, goes back to Delsarte [D] . For lattice points in a non-Euclidean ball in hyperbolic spaces see [LP] , and see [Ba] for non-Euclidean balls in more general symmetric spaces when the lattice F is cocompact. 
For n 2, which is the classical case of the upper half-plane, our remainder term of O(T5/3) falls short of the best known remainder of O(T4/3) due to Selberg [LP] .
We now outline the contents of the rest of the paper. In Section 2 we prove Theorem Let P c G be a Q-parabolic subgroup with Langlands decomposition P NAM. Let v Co(A) and a cusp form on M F\M, F G(Z). Let
P F\F
In many examples, such a norm is unique (up to scalar multiples) and is the "natural" norm for the problem. (2) where E(g, 2) 6 Csjta)(H(R)\G(R)/K) for 2 6 supp(/s) and Re(Bs(2)) 6 f0 for 2 support #.
The measures d/s correspond to contour integrals of varying dimensions and may be described explicitly. They arise from regularizing (1.21). As explained following Theorem 1.1, we will not prove this regularization in general. Of course, when H c F\H is compact, Theorem 1.11 is obvious by shifting contours.
In Section 3 we prove Theorem 1.10 and in Section 4, Theorem 1.9. In Appendix we estimate certain integrals, and in Appendix 2 we prove a special case of Theorem 
is the H K,(z, w)= k,(z, w) (2.17) <f, eEv(b, ')> 0 for all P, v, b.
The last implies f 0 by a theorem of Langlands (see [HC, Theorem 4] [BLS] , [Sa] ), then the result of Rudnick-Schlichtkrull mentioned earlier ensures that, for e>O, CH e L+*(H(R)\G(R)).
Thus (Fr, ) O(#(T)m+*).
That is, these frequencies contribute at most the square-root of the leading term! Here/(T) as in ( Note that kr(kl gk2) kT(g), kl, k 2 K. Set
kT(a-h). KT(/lgk2, ))2hk2) KT(g, h) for /, )2 I", kl, k 2 K.
We examine the precise behavior of Kr(x, y) near (I, I) 
We know that #(T) O(T"2-"); hence it follows from (3.9) and (3.14) that (3.17)
N(T, F)= #(T) + O(eT "2-" + Rem(T)).
To estimate Rem(T) we need to know a little about the spectrum a, which we note is contained in the unitary spherical dual of SL,(R). From the classification due to Vogan IV] (see also rSca]), one can show that, for/ a:/W,/k # p, and k^ (9) the corresponding spherical function, we have uniformly for p > 2(n-1).
Thus for/ a,/ # p, we have (3.19) IhT ( Since k is an approximation to the identity on an (n(n + 1)/2-1)-dimensional space, it can be chosen to be of L2-norm as above. This gives Rem(T) <<, Tn2-(3/2)n+tl81-n(n+l)/2 for any r/> 0 (using p > 2(n 1)). Hence returning to (3.17), N(T, F) =/(T) + O,(eT "2-" + Tn2-(3/2)n+'e1-n("+1)/2). 
for a suitable nonzero constant Cn.k (assuming of course that k > 1). (Delsarte [D] in the cocompact case and Selberg [LP] With these results on lattice points we turn to the proof of Theorem 1.9. Let W, denote the space of binary forms of degree n (4.14) l/V, f(x, y) aox" + alx"-Xy + + aix"-y + + a,y"}. as x 1. We also compute #(T) explicitly in the case of SLm.
Structure theory. Let G be semisimple, tr an involution of G with fixed-point group H, 0 a Cartan involution of G commuting with or, and K the corresponding maximal compact subgroup of G. Let g k p h q be the decomposition of the Lie algebra of G into the 1-eigenspaces of 0 and or, respectively. Let aq be a maximal abelian subspace of p c q, Eq E(a, g) the root system of a in g, E a system of positive roots, and p the corresponding half-sum of the positive roots.
Denote by g/ the fixed points of the involution 0or; it is a reductive subalgebra of g with a as its Cartan subspace. Let E(a, g/) be the set of restricted roots, and / be the E + (a, g+) a set of positive roots chosen so that it is contained in 2;. Let From this formula, we see that E'n(g, 2) is an eigenfunction with infinitesimal character 2, is meromorphic in 2, and holomorphic for Re 2 > 2 e for some e > 0, except for a simple pole at 2 2.
CLAIM. E'n(g, 2) is H-invariant. LEMMA. KI y(kg) dk is H-invariant.
Thus j' X=Xof(2)EO'n(g, 2) d2 is H-invariant for all f e EDV. Since EO'n(g, 2)is holomorphic in Re 2 > 2, of moderate growth in vertical strips, this forces EG'H(g, 2)
to be H-invariant.
We now shift the contour of integration in (A2.10) from Re 2 2o > 2 to the left of Re 2 2. (Just a slight shift will suffice for our purposes.) To do so, we need to know that EG'n(g, 2) is at most of polynomial growth in Re 2 > 2 e. This follows from (A2.11) modulo knowing this for (2) and E(g, 2). From (A2.11) we see Ea'n(g, 2) is holomorphic in Re 2 > 2 e except for a pole at 2 2, since the same holds for 4(2) and E(g, 2). Also from (A2.11) we see 
